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Abstract Based on our study of the application of fuzzy-subset theory to the char-
acterization of imperfect symmetry in some stable molecular systems and simple
dynamic molecular systems, we analyze the internal rotation process of allene-1,3-
dihalides. Allene-1,3-dihalides (CHX=C=CHY, where X and Y may be the same or dif-
ferent halogen atoms) are optically chiral nonplanar molecules. The two end-groups
may internally rotate about the near straight linear C=C=C axis, and the molecule
may change its chirality. The internal rotation process may pass through two differ-
ent planar transition state (TS): cis-TS and trans-TS, which belong to C2v and C2h
point groups (as X and Y to be same), respectively. The intrinsic reaction coordinate
(IRC) corresponding to the two TS processes is denoted as cis-IRC and trans-IRC.
However, for the whole IRC reaction process, only their subgroup C2 well-defined
symmetry remains. Other symmetry transformations in C2v and C2h point groups can
only be examined in terms of imperfect symmetry, although there appear certain reac-
tion reversal joint point group G(RcC2v) and G(RtC2h) well-defined symmetry in the
dynamics through the IRC processes. If X and Y are different, the stable molecule
has no conventional nontrivial point group symmetry. The internal rotation processes
may pass through two different planar TS’s (cis-and trans-TS). The TS will still be a
planar molecule belonging to CS point group with the molecule plane as its symme-
try plane. Other states in the IRC may belong to certain reaction reversal joint point
groups, G(RM)C and G(RM)T. We have thus examined the approximate symmetry of
MO’s related to C2 point group. Moreover, we have also analyzed the membership
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functions, representation components, and their relationships shown in the MO fuzzy
main representation correlation diagrams.

Keywords Fuzzy subset · Allene dihalides · Chiral transition · MO fuzzy correlation
diagram

1 Introduction

In theoretical chemistry, some important results of fuzzy subset theory in relation to
the approximate symmetry have been obtained [1–11]. In which those by P. G. Mezey
and his coworkers are particularly important. In our previous studies, in addition to
this field in connection to such approximate symmetry (sometimes, we called it fuzzy
symmetry) of some stable molecules and their molecule orbitals (MO’s) [12–17], we
have also succinctly analyzed the simple tri-atom linear dynamic systems [18] and the
internal rotation process of propadine (allene) [19]. In this paper, the chiral transition
process of the molecular internal rotation of allene-1,3-dihalides as a prototype will
be analyzed in detail. This process is distinct from that of allene whose four identical
H atoms link to the molecular axis, and whose initial and final state in the rotation will
be the same, and the intrinsic reaction coordinate (IRC) and transition state (TS) due
to clockwise or anticlockwise rotation are also the same.

However, these are not true for allene-1,3-dihalides (CHX=C=CHY) because the
1,3-H atoms in allene are substituted by halogen atoms; the stable molecules will be a
pair of enantiomers, regardless of the two halogens X and Y being the same or not. On
the other hand, IRC and TS related to clockwise or anticlockwise rotation are different.
The TS leads to cis- or trans-configuration (X and Y are on the same or different sides
of the C=C=C axis), will be denoted as cis-TS or trans-TS, respectively. The relative
symmetry characteristics for cis-IRC and trans-IRC in the entire internal rotation pro-
cess are derived from those of allene, although the C=C=C axis of dihalides slightly
deviate from the straight line in allene. Through the internal rotation process, the two
CHX groups in the molecule will rotate simultaneously but not about the same straight
C=C=C axis. Some well-defined symmetry of allene will degenerate to imperfect one.
Such imperfect symmetry of allene-1,3-dihalides may affect its MO irreducible repre-
sentation component. We will examine this point farther along with the corresponding
MO fuzzy correlation diagrams of the processes and the relationship between the MO
membership function and the irreducible representation component in this paper. The
symmetry in relation to the reaction reversal joint point group will also be analyzed
here.

2 Molecular geometry and computation details

2.1 Molecular geometry

The simplest cumulated diene is 1,2-propadiene, CH2=C=CH2, i.e. allene. The cen-
tral carbon in such compounds is sp-hybridized (with only two bonding partners),
and so the double bond array is linear. Since the π -bonds of allenes are orthogonal,
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Fig. 1 Two transition states for the internal rotation process of allene-1,3-dihalides (CHX=C=CHY),
at AM1 level

the planes defined by the end carbon substituents are also orthogonal. As the end
hydrogen atoms of allene are substituted by various atoms or groups, the derivative
will be chiral. Recently, there are some interesting research on the derivative and the
asymmetric chemistry [20]. Therefore, the chiral transition of these molecules in the
internal rotation can also be important. The stable configuration of allene will be non-
planar cross-shaped, while the planar configuration will be of the higher energy [21],
corresponding to the TS of the internal rotation [19]. For allene molecule, the internal
rotation does not accompany chiral transition, but for allene-1,3-dihalides the rotation
may accompany chiral transition.

When allene-1,3-dihalides undergoes chiral transition in internal rotation, the atomic
numbering and adjacent relationship may be defined as follows: 1, 2 and 3 denote three
C atoms while 1 numbers the mid-C atom as C(1). Other atoms are numbered simi-
larly; 4 and 6 number the two H atoms, and 5 and 7 number the two halogen atoms.
H(4) and X(5) are assigned to bind C(2), but H(6) and Y(7) to C(3).

In this paper all calculations are at AM1 level using the Gaussian program [22].
To start with, we calculate the TS of the internal rotation of allene-1,3-dihalides. As
shown in Fig. 1, there are two different TS for each allene-1,3-dihalide, cis-TS and
trans-TS.

Both TS’s are planar. If the two halogen atoms are the same, the cis-TS belongs to
C2v and the trans-TS to C2h. The corresponding IRC may be denoted as cis-IRC and
trans-IRC, respectively. The two-fold rotation (C2) axis, which remains in the whole
internal rotation, is chosen as the Z axis, and the direction connecting C(2) and C(3) as
the Y axis. Therefore, the cis-TS is in the YZ-coordinate plane, and so is the two-fold
axis, but the trans-TS is in the XY-coordinate plane whereas C2 axis is perpendicular
to this plane. The origin of Cartesian coordinate system may be chosen at C(1), the
midpoint of the connecting line between C(2) and C(3) if the halogen atoms X and Y
are the same and both denoted as V. If the two halogen atoms are different, although
these two TS’s will still be planar, but the C2 symmetry will not present in the whole
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process. In addition, the C=C=C skeleton may somewhat deviate from a straight line,
yet we will still choose the Cartesian coordinate system as above. Certainly, the C2
axis will be replaced by a fuzzy C2 axis, i.e. the relative two-fold rotation symmetry
transformation with the membership function less one. It is notable that, according to
the standard orientation in Gaussian program, the directions of Z- and other axes of the
cis-TS and trans-TS with C2v and C2h symmetry coincide those chosen above, whereas
the directions of TS’s without such well-defined symmetry, such as in the cases of TS
with different halogen atoms, may not coincide. In the calculation of IRC’s, we use the
standard orientations of Gaussian program. The above chosen Cartesian coordinate
system is only necessary of the calculation of the MO representation component.

Two TS’s and corresponding two IRC’s, cis-IRC and trans-IRC, are obtained.
According to the calculation, we also obtained the allene-1,3-dihalide skeleton con-
figuration of certain single points alone the IRC. However, to research on the fuzzy
subset theory for symmetry, we need to examine a pair of molecular configurations
with the opposite IRC values (e.g., IRC equal x and −x). However, from the Gaussian
program, we cannot locate such configurations directly, so we used the linear interpo-
lation method. We may then obtain the pair molecular configurations with the opposite
values of IRC, one by one. Sometimes, however, we must change the Gaussian standard
orientation to another one as chosen above. The geometric configuration, Cartesian
coordinate system and atomic numbering of allene-1,3-dihalides for the whole IRC
process are shown in Fig. 2, where the origin is set at C(1) as described above. In such
Cartesian coordinate system, the C2 axis (for two same halogens) or fuzzy C2 axis (for
different halogens) points to the Z -axis direction. Interestingly, if we set the C2 axis
along the X -direction, which is allowed, the C2 transformation rule for the p-MO’s
parallel to the C2 axis and that for perpendicular to the C2direction are different. As
shown in Fig. 2, this corresponds to the cis-IRC path, and it is similar for the trans-
IRC path (omitted here). It should be noted that the Z-matrix for a certain molecular
configuration should be the same for different choices of the Cartesian coordinate
system.

Using the Gaussian program [22], we obtained the point-by-point molecular con-
figurations including TS’s and two stable molecules along the IRC. The stable allene-
1,3-dihalides are a pair of enantiomers (Fig. 3). For cis- and trans-IRC, the pair of
enantiomers are the same. The stable molecule with same halogen atoms, (V= X=Y)
should belong to the C2point group, but that with different X and Y should not. The
coordinate systems in Figs. 2 and 3 are the same. These enantiomers may have well-
defined mirror reflection symmetry, each other.

2.2 Space factor and intrinsic factor

Now we consider allene-1,3-dihalides with the same halogens. To start with, we ana-
lyze cis-IRC in which the corresponding cis-TS with the higher symmetry C2V; as
H and halogen atoms deviate from the cis-TS molecular plane other states will have
lower C2 symmetry, as well:
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Fig. 2 Coordinate system and atomic numbering of allene-1,3-dihalides (CHX=C=CHY) in internal
rotation process

Fig. 3 The stable molecules of allene-1,3-dihalides (product and reactant of internal rotation) are a pair of
the optical enantiomers. (at AM1 level), where a and b are R- and S-configuration (Newman projection),
respectively
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C2 : Gcis−IRC =
{

Ê, Ĉ2

}
(1a)

C2V : Gcis−TS = Gcis−IRC ∪ G′
cis−TS =

{
Ê, Ĉ2

}
∪

{
M̂XZ, M̂YZ

}

=
{

Ê, Ĉ2, M̂XZ, M̂YZ

}
(1b)

Through both cis-IRC and trans-IRC belong to C2 = GIRC =
{

Ê, Ĉ2

}
group, the

GTS has an additional symmetry related to mirror reflections, G′
TS =

{
M̂XZ, M̂YZ

}
.

Except for the cis-TS, all other states in the cis-IRC do not have the symmetry related to

G′
TS =

{
M̂XZ, M̂YZ

}
, but have the symmetry in relation to the joint transformations,

R̂M̂XZ and R̂M̂YZ, where R̂ is the reaction reversal transformation whose operation
makes the IRC value of a certain state to its opposite value of another state [23,24].
Such symmetry exists along the whole cis-IRC, so all the membership functions of
Ê, Ĉ2, R̂M̂XZ and R̂M̂YZ should be equal one. Meanwhile, for the cis-IRC states other
cis-TS, we may analyze the approximate symmetry in relation to the transformations

in G′
TS =

{
M̂XZ, M̂YZ

}
. It should be pointed out that for an approximate symme-

try system the operation of one simple transformation G′
TS =

(
M̂XZ or M̂YZ

)
may

change some atom (e. g. J-atom) to a position G#J without any atom. Although we
may choose GJ-atom near G#J [12–19], certainly some approximation will thus be
introduced. The different atomic positions would affect the LCAO-MO coefficient,
and then the atomic criteria and the membership functions will somewhat be adjusted.
In this way, we analyze the stable molecule to find the satisfactory results.

As the alteration of atomic positions of the dynamic system is small in relation
to those of a certain key state, the change of the properties would also be small. If
the atomic criterion is invariant towards the atomic position, then the above method
would not be useful. Therefore, we use the above method to analyze the imperfec-
tion of MO’s symmetry, but not to that of molecular skeleton for which the invariant
atomic numbers are used as the criterion. For example, we analyzed the polyyne [17],
indicating that the difference between single- and tri- bonds did present in the mem-
bership function of MO’s, but not of skeleton. For a dynamic system, in additional
to the intrinsic factor of the atomic criterion, we will also examine how the spatial
factor affects the molecular imperfect symmetry. For MO’s, we may use the square
of LCAO coefficients to construct the atomic criterion, but owing to the restriction
of some molecular symmetry, some of the atomic criteria in some special symmetric
positions are always equal. For example, CHX=C=CHX with the same halogens in the
process along cis-IRC, where the C2 symmetry will present, the corresponding atomic
criteria in relation to X(5) and X(7), H(4) and H(6), or C(2) and C(3) would be always

the same, respectively. According to the transformation in G′
TS =

{
M̂XZ, M̂YZ

}
, the

GJ and G#J are different, but corresponding atomic criteria would be still equality. If
the spatial factor is ignored, the membership functions of MO’s will always be one.
Therefore, the spatial factor should be considered, for such case.
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Fig. 4 The bond length and bond angle of allene-1,3-difluoride (CHF=C=CHF) (vs.) cis-IRC through the
internal rotation process . a Bond length (vs.) cis-IRC, b bond angle (vs.) cis-IRC
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Fig. 5 The dihedral angle of allene-1,3-difluoride (CHF=C=CHF) (vs.) cis-IRC through the internal
rotation process (at AM1 level)

To examine the space factor, we study the configuration variation of CHF=C=CHF
through the internal rotation process along the cis-IRC. Using Gaussian program[22],
we may calculate the molecular skeleton configuration along the cis-IRC point-
by-point and transform to the Cartesian coordinate system chosen above from the
output standard orientation. We can then obtain the values of bond lengths and angles
of the molecule along the cis-IRC as shown in Fig. 4. It can be seen from this figure
that the variation is not very significant. The significant variations appear near the
cis-TS. Along the cis-IRC process, dihedral angles, HCCH and FCCF, change signifi-
cantly, as shown in Fig. 5. For a whole internal rotation process of the molecular chiral
transition, the dihedral angle will change up to 180◦. In general, in a unimolecular
dynamic system without bond formation and breaking, the variation of bond length
will be small, but in this case, the effect of the spatial factor on the dihedral angle is
large.
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As the difference between the positions of GJ atom and G#J atom is neglected, the

membership function of molecule M in relation to the symmetric transformation
(

Ĝ
)

,

[12–19]
(
μ(Ĝ/M)

)
may be defined as:

μ
(

Ĝ/M
)

=
[∑

J

(YJ ∧ YGJ)

] / [∑
J

(YJ)

]
(2a)

As for MO �ρ , the corresponding membership function is:

μ
(

Ĝ/�ρ
)

=
[∑

J

∑
i

(YJi ∧ YGJi)

] / [∑
J

∑
i

(YJi )

]

=
∑

J

∑
i

[(
a∗
ρ (J, i) aρ (J, i)

) ∧ (
a∗
ρ (GJ, i) aρ (GJ, i)

)] /

∑
J

∑
i

[
a2
ρ (J, i) ∧ a2

ρ (GJ, i)
]

(2b)

where YJi denotes the criterion of the i-AO in J-atom, equal to the squire of corre-
sponding LCAO-MO coefficient. For stable molecules, these equations may be used
immediately, but for the dynamic process with the significant spatial variation, they
will be modified slightly [19]:

μE (Ĝ/M) =
[∑

J

(
YJ ∧ YGJ

)
ϕ
(

GJ,G#J
)
/
∑

J

∑
i

(
YJi

)]
(3a)

μE

(
Ĝ/�ρ

)
=

[∑
J

∑
i

(
YJi ∧ YGJi

)
ϕ
(

GJ,G#J
)] / [∑

J

∑
i

(
YJi

)]

=
∑

J

∑
i

[(
a∗
ρ (J, i) aρ(J, i)

) ∧ (
a∗
ρ(GJ, i) aρ(GJ, i)

)]

[
ϕ
(

GJ,G#J
)]

/∑
J

∑
i

[
a2
ρ (J, i) ∧ a2

ρ (GJ, i)
]

(3b)

whereϕ
(
GJ,G#J

)
may be called space factor, and other terms in relation to

(
YJ ∧ YGJ

)
relating to the intrinsic chemical property may be called intrinsic factor. The space
factor ϕ

(
GJ,G#J

)
should be a function of geometric difference between G#J-atom

and GJ-atom. Where G#J-atom is the J-atom in the theoretic ideal position after the

operation of the well-defined symmetric transformation
(

Ĝ
)

, and GJ-atom is J-atom

in the actual position near that of G#J-atom after the operation of the well-defined
symmetric transformation. When the positions of GJ and G#J coincide, ϕ(GJ,G#J)
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Fig. 6 The model of
CHF=C=CHF through the
internal rotation along cis-IRC
path (for the fuzzy subset
symmetry analysis). The image
atoms (atomic numbering 7′ and
7′′) denoted with the red balls.
(Color figure online)

Requals one. As GJ and G#J are very close, Eq. (3b) may be used as a good approxi-
mation. Therefore, the membership function of a molecular system with well-defined
symmetry in relation to transformation Ĝ equals one, that is, the criteria of GJ- and
J-atoms are equal (YGJ = YJ) and the space factor ϕ

(
GJ,G#J

) = 1 (i.e. GJ and G#J
coincide). The positions of GJ and G#J-atoms in a molecule may also be described
by the Z-matrix (internal) coordinate system. Since the variation of bond lengths of
allene-1,3-dihalides is small during the internal rotation, we will not analyze them.
However, because the angle and dihedral angle (especially) are periodic quantities,
the relative effect on space factor may be not neglected.

For the internal-rotation of CHF=C=CHF through the cis-IRC path, the space factor
ϕ(GJ,G#J) of a carbon atom (J is a carbon atom) is unity. If J is a hydrogen or fluo-
rine atom in the CHF-group, in relation to transformation Ĝ = Ê or Ĉ2, GJ and G#J
will also coincide, and so ϕ(GJ,G#J) equals unity; but, in relation to transformation
Ĝ = M̂XZ or M̂YZ, GJ and G#J may be not coincide, the difference would depend on
the dihedral angle, HCCH(θDH) or FCCF(θDF), as shown in Fig. 5. Similar as allene
[19], we may have:

ϕ
(

GJ, G#J
)

= abs(cos(θD)) (4)

where θD may be θDH or θDF.
We first consider J-atom as F(7) in relation to transformation Ĝ = M̂XZ or M̂YZ,

as shown in Fig. 6 . The image atoms, 7′ and 7′′, denote G#J-atoms corresponding
to Ĝ = M̂XZand M̂YZ on J-atoms, F(5) and F(7), respectively. θDF in Eq. (4) is

the dihedral angle between plane (7′)C(2)C(3) and F(5)C(2)C(3) or between plane
(7′′)C(3)C(2) and F(7)C(3)C(2). Similar analysis may also be done for the θDH easily,
but it is omitted here.
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Fig. 7 The membership function of CHF=C=CHF molecular skeleton (vs.) cis-IRC (through the internal
rotation cis-IRC path, at AM1 level). Black line for Ĉ2, R̂M̂XZ or R̂M̂YZ; red curve for RR̂, M̂XZ or M̂YZ.
(Color figure online)

If GJ- and G#J-atoms coincide, such as, if J-atom equals to F(7) or F(5), the mem-

bership function
(
μ

(
Ĝ/M

))
in relation to Ê, Ĉ2, R̂M̂XZ and R̂M̂XZ will equal to

one. Here the θD is the dihedral angle between the plane GJ-C(2)C(3) and G#J-
C(2)C(3). According to Eq. (4), if θD is 0◦ (i.e. TS), and GJ- and G#J-atoms coincide,
so ϕ(GJ,G#J) is 1; yet if θD is 90◦, and GJ- and G#J-atoms are separated maximally,
ϕ(GJ,G#J) is 0. This indicates that Eq. (4) is reasonable. As mentioned above, for
CHF=C=CHF molecular skeleton, we may obtain its membership function variation
in relation to some symmetric transformation through the cis-IRC path, as shown in
Fig. 7.

Since this system has well-defined symmetry in relation to Ĉ2, R̂M̂XZ and R̂M̂YZ,
corresponding µ(Ĝ/M) always equals to one, and corresponding space factors, ϕ(GJ,
G#J), equal one, too. However, in relation to transformations R̂M̂XZ and M̂YZ, only
TS have well-defined symmetry. It means that µ(Ĝ/M) will be equal to one only in
the case of IRC equal to 0, i.e. the TS. But µ(Ĝ/M) would be less than one as it is not
TS, and it will change with the variation of IRC. According to the IRC-scale, µ(Ĝ/M)

(vs.) IRC curve will be symmetric about TS (IRC=0).
It is notable that for the molecule skeleton the atomic criterion YJ should be invari-

ant and determined by the intrinsic property of the atom itself. For CHF=C=CHF, the
wrong inference of YJ = YGJ will follow if we assume all space factors equal to one.
The cause of the membership function less than one is thus introduced by the space
factor rather than by the intrinsic factor.

Since the membership functions of a well-defined symmetry system equal to one
[13], the corresponding symmetric element will be determined in only one way. For
example, the cis-TS belongs to the well-defined C2V group, so all the elements in C2V
will be chosen in only one way. However, for the approximate symmetry system, the
related symmetric elements may be chosen in many ways. In the case of the cis-IRC
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Fig. 8 The bond length and bond angle of allene-1,3-difluoride (CHF=C=CHF) (vs.) trans-IRC through
the internal rotation process. a Bond length (vs.) trans-IRC, b bond angle (vs.) trans-IRC

states other than the TS, although the well-defined C2 axis is chosen in only way,
the pair of mirrors, which are perpendicular to each other and cross in the C2 axis,
may be chosen in various ways as long as they conform to the way for choosing the
TS symmetric elements. Because the all states in this IRC path have well-defined
symmetry C2, the relative space factor should be always one. According to Cartesian
coordinate system for analyses the approximate symmetry, we must modify the setting
of the standard orientation of the Gaussian program. We choose the C2 axis in C2V
point group as Z -axis, and the two orthogonal mirror planes in the group as XZ- and
YZ-planes. There are various ways to choose the origin, such as at C(1) atom centre
or at the midpoint of the line connecting C(2) and C(3). For the cis-IRC process, both
ways of choosing origin are allowed and could be used to analyze the approximate
symmetry. In the states other than TS, the mirror planes in C2V will be changed to

each other, the µ
(

Ĝ/M
)

values will be less than one. Whatever the origin is chosen,

the geometry of corresponding mirror planes should be the same. Therefore, even the
membership functions of molecular skeleton and MO’s would be less one, but they
will not change with the variation of the origin choice.

States along the trans-IRC path may be analyzed similarly. The relationship of bond
length and bond angle in 1,3-difluoride-allene molecule (vs.) trans-IRC are shown in
Fig. 8. It can be seen that through the internal rotation trans-IRC process, the bond
length changes only in a small amount, but the bond angle changes more obviously
than that through the cis-IRC process, e.g., more than 20◦ variation in angle C=C=C.

During the IRC processes, though the two TS’s (cis-TS and trans-TS) are planar
molecules, their symmetries are different. As shown in Fig. 1, the cis-TS and trans-
TS belong to C2V and C2h group, respectively. Particularly, the C2 axis remains in
the whole internal rotation process, and it lies either on the molecular plane of the
cis-TS or vertical to the molecular plane of the trans-TS. Through the cis-IRC pro-
cess, backbone C=C=C maintains C2V symmetry to which cis-TS belongs, only the
hydrogen and fluorine atoms deviate from the TS molecular plane. However, through
the trans-IRC process, C=C=C cannot maintain C2h symmetry to which the trans-TS
belongs. Therefore, when we analyze the approximate symmetry in relation to the
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Fig. 9 The dihedral angle of allene-1,3-difluoride (CHF=C=CHF) (vs.) trans-IRC through the internal
rotation process (at AM1 level)

transformations in C2h, we should consider the space factor not only of hydrogen and
fluorine but also of carbon atoms.

Some dihedral angles will change more obviously in the trans-IRC process, as
shown in Fig. 9. To combine with Fig. 5, we thus cover both processes along cis-IRC
and trans-IRC. However, the initial and final states through the trans-IRC process are
chosen as the final and initial states through the cis-IRC process, respectively, although
we may choose them the other way around and obtain essentially the same results.

The symmetric transformations including in the point groups to which trans-TS
(C2h) and trans-IRC states other than TS (C2) belong are:

C2h : Gtrans−TS = Gtrans−I RC ∪ G′
trans−TS =

{
Ê, Ĉ2

}
∪

{
P̂, M̂h

}

=
{

Ê, Ĉ2, P̂, M̂h

}
(5a)

C2 : Gtrans−IRC =
{

Ê, Ĉ2

}
(5b)

where P̂ is the space inversion with C(1) as inversion centre, and M̂h is the reflection
about the XY reflection plane. Through the whole trans-IRC process, all states have the
C2 symmetry, but the trans-TS has an extra symmetry included in the G′

trans−TS ={
P̂, M̂h

}
set whereas other states have only the approximate symmetry related to

G′
trans−TS. In additional, they have the symmetry related to the joint transformations

R̂P̂ and R̂M̂h. Consequently, µ
(

Ĝ/M
)

of all states through the trans-IRC related to

operation Ê, Ĉ2,R̂P̂ and R̂M̂h equal to one. The symmetric element in connection with
the approximate symmetry may be chosen in different ways with different correspond-

ing µ
(

Ĝ/M
)

as mentioned above. Firstly, for the molecule with C2h symmetry, in
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the standard orientation, the Gaussian program chooses C2 as the Z -axis, and the two
orthogonal reflection planes as the XZ- and YZ-coordinate planes. Secondly, the ori-
gin of the Cartesian coordinate system may be chosen on C(1), and the plane through
the origin but perpendicular to Z -axis may be chosen as the Cartesian coordinate XY-
plane ( i.e. the molecule plane of trans-TS). Thirdly, as C=C=C is not a straight line
through the trans-IRC, we may also choose line connecting C(2)C(3) as the Y -axis,
then the corresponding YZ- and XZ-coordinate planes are obtained readily with the
origin at C(1) or the midpoint of C(2)C(3). As mentioned above, for the trans-TS, the
Cartesian coordinate system is definite, but the states through the trans-IRC, deviating
from the TS, the molecular symmetry will decrease from C2h to C2, with only the less
membership function in relation to P̂ and M̂h [14–17]. When we take the first Cartesian
coordinate system for the whole trans-IRC states, for the different origin options, the

µ
(

Ĝ/M
)

values for P̂ and M̂h will be different except for the trans-TS.

In the choice with the origin and space inversion centre chosen on the midpoint
of line C(2)C(3), the operations for Ĝ = P̂ and M̂h will swap the positions of J-atom
C(2) and C(3), and GJ equals G#J as well as atom criteria YJ equals YGJ, and the
space factor ϕ(GJ,G#J) equals 1. However, the above same operations will change the
position of J-atom C(1) to an image G#J-atom. As GJ is not equal to G#J, the space
factor ϕ(GJ,G#J) will be less than 1. Similar to Eq. (4), we define the space factor:

ϕ
(

GJ,G#J
)

= abs(cos (θC)) (6)

Here θC = � (
GJ,AX,G#J

)
and AX may be C(2) or C(3). If C=C=C is in a straight

line, θC = 0 and space factor ϕ(GJ,G#J) = 1. If J-atom is H or F atom, we may ana-
lyze the approximate symmetry similarly as the cis-IRC state. Of course, it should be
noted that for a certain J-atom, corresponding G#J image-atom and real GJ-atom for
P̂, M̂h, M̂XZ and M̂YZ are different.

Once the Cartesian coordinate system is defined, ϕ(GJ,G#J) and µ
(

Ĝ/M
)

of each

atom may be obtained. For CHF=C=CHF molecular skeleton, the relationship between
the membership function (vs.) trans-IRC is shown in Fig. 10. These results seem to
be similar to those of cis-IRC path (Fig. 7), but they are in fact different. The inter-
nal-coordinate configuration with the same IRC-value along the trans-IRC is different
from that along the cis-IRC. For the trans-IRC path, the red curve shown in Fig. 10

denote µ
(

Ĝ/M
)

with Ĝ of M̂h or P̂, but for the cis-IRC path, the red curve shown

in Fig. 7 denote µ
(

Ĝ/M
)

with Ĝ of M̂XZ or M̂YZ. Taking C(1) atom as the space

inversion centre and the origin, we may analyzed them similarly except for the TS,

and found that µ
(

Ĝ/M
)

values are somewhat smaller as the green curve shows in

Fig. 10.
Sometimes, the space factor will be important for the approximate symmetry, but

the intrinsic factor is often more important in the chemistry process. Meanwhile the
MO membership function controlled by the space factor could not be attributed to the
overlap of various irreducible representations. For example, the spectra selection rule
of molecules depends mainly on the intrinsic factor.
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Fig. 10 The membership function of CHF=C=CHF molecular skeleton (vs.) trans-IRC through the internal
rotation trans-IRC path (at AM1 level). Black line for Ĉ2, R̂M̂h or R̂P̂; red curve: origin set at the midpoint
of C(2)C(3), for R̂, M̂h or P̂; green curve: origin set at C(1), for R̂,M̂h or P̂. (Color figure online)

By the way, it may be shown that where an approximate symmetry system may be
in relation to the membership function with the less value (not near one), i.e. not the
approximate (perfect) symmetry.

2.3 Membership function and irreducible representation component

The MO imperfect symmetry is related to two important parameters: membership
function and irreducible representation component. We first calculated a few IRC-
value configurations for allene-1,3-dihalides at AM1 level, and then we used the linear
interpolation to obtain the configuration pairs with opposite IRC values. After that, we
calculated the single-point energies for these configurations at the same level. For this
system, we examined 22 MO’s which were combined by valence AO’s of the three
carbon, two halogen and two hydrogen atoms. At AM1 level [22], we have 14 occupied
MO’s (OMO) and 8 virtual MO’s (VMO). With the single-point results through the
IRC path, the membership functions and the irreducible representation components of
each MO may be obtained. In the calculation of the irreducible representation com-
ponent, the standard orientation in from the Gaussian calculation needs to transform
to the coordinate system mentioned in Sect. 2.1.

For allene-1,3-dihalides with different halogen atoms, there is no complete C2sym-
metry, but only related fuzzy subset:

C∼2
=

(
1/Ê

)
+

(
μ/Ĉ2

)
(7)

where Ê denotes the identity, and µ the membership function related to Ĉ2 trans-
formation. The fuzzy representation which MO belongs to is an overlap of two pure
representations A, symmetric, and B, anti-symmetric,
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�∼ = Xg A + Xu B (8)

where Xg and Xu are the pure symmetric and pure anti-symmetric representation
components, respectively.

According to the conservation rule of the molecule orbital (W-H rule), both sym-
metry and invariant are important [25]. They are different concepts [23,24]. Viewed
from the chemical symmetric theory, they may denote either the point group to which
the molecular skeleton belongs and the irreducible representation to which the MO
belongs, respectively. In essence, the W-H rule means that as the molecular skeleton
can always maintain the symmetry in relation to a certain group, then the MO’s of
corresponding molecule would be unchanged under the irreducible representations
of such group. As to the fuzzy subset theory of approximate symmetry, we need to
examine the fuzzy subset (especially the membership function of subset element) and
the fuzzy representation (especially the representation component). For this molec-
ular system, Eqs. (7) and (8) are related to the above concepts. To understand their
relationship, we consider the simplest model, a diatomic molecular AB, and suppose
that the MO (ψ) is combined by two AO’s (φA and φB), one from each atom, i.e.

ψ = aAφA + aBφB = (
ag + au

)
φA + (

ag − au
)
φB (9)

where aA and aB are the normalized LCAO-MO (ψ) coefficients ofφA andφB, respec-
tively. Set a2

A > a2
B and aA > 0, these coefficients may be decomposed to two parts:

the symmetric part ag and the anti-symmetric part au , according to a certain C2 axis
symmetric transformation. From Eq. (9), we have:

ag = (aA + aB) /2 (10a)

au = (aA − aB) /2 (10b)

According to the definition of the membership function [7–9] for MO ψ under the
symmetric transformation Ĝ, we have,

μ =
(

a2
A ∧ a2

B

)
+

(
a2

B ∧ a2
A

)
= 2 a2

B (11)

Meanwhile for transformation Ĝ, the symmetric and anti-symmetric components are:

Xg = 2 a2
g & Xu = 2 a2

u (12)

For a certain µ value, from the Eq. (11), we can obtain a pair of aB, i.e. aB = ±(μ/2)0.5.
Using the MO normalized condition and Eq. (12), we may find aA (>0) and Xg and
Xu. Since a certain µ value, aB has two values, the solution of Xg (or Xu) should also
have two values. Therefore, for the simplest model, we obtain the relationship diagram
of µ(vs.) Xg as shown in Fig. 11, where the black curve responds to the Xg> 0.5, indi-
cating main symmetric representation, whereas the red curve responds to Xg < 0.5,
indicating main anti-symmetric representation. When Xg equals 0.5, the membership

123



202 J Math Chem (2010) 48:187–223

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.0

0.2

0.4

0.6

0.8

1.0

m
em

be
rs

hi
p 

fu
nc

tio
n

Xg

 g
 u

Fig. 11 The membership function (vs.) symmetric representation component diagram for Ĉ2 transforma-
tion for the simplest MO model

function equals zero, and ag equals au, aB equals 0, and aA equals 1. In such case,
the MO is only the AO φA. When Xg equals 0 (pure anti-symmetric representation)
or 1 (pure symmetric representation), the membership function will be one. As shown
in Fig. 11, when the MO approaches to pure representation, the small change of the
representation component may cause the large variation of the membership function.
However, when the symmetry is poor, the membership function will change slightly.
For more complex MO, the relationship between the membership function (vs.) rep-
resentation component will be also more complex, while the curve in Fig. 11 will the
boundary.

3 Approximate symmetry characteristics of CHF=C=CHF

For allene-1,3-dihalides with the same halogen atoms, CHF=C=CHF will be taken
as a prototype. For this molecule may internally rotate through the cis-IRC or the
trans-IRC path. The related TS, shown in Fig. 1, are plane molecules with C2v and
C2h point group symmetry, respectively. Through the internal rotation process, the
molecule will be undergoing the chiral transition. The variation of molecular potential
energy (vs.) IRC is shown in Fig. 12. The maxima of the energy curves are TS’s, and
both curves are the symmetrically distributed about the TS’s.

Through a certain IRC path (cis- or trans-), as molecular system may always main-
tain a well-defined symmetry in relation to GIRC point group, so related membership
functions of such molecular system should be always one in relation to the all sym-
metric transformation included by GIRC point group. In addition, the TS may maintain
the well-defined symmetry in relation to GT S point group:

GTS = GIRC ∪ G′
TS (13)

123



J Math Chem (2010) 48:187–223 203

-8 -6 -4 -2 0 2 4 6 8

-0.08

-0.06

-0.04

-0.02

0.00

0.02

po
te

nt
ia

l e
ne

rg
y 

/ h
ar

tr
ee

IRC

 cis-IRC

 trans-IRC

Fig. 12 The molecular potential energy (at AM1 level) through the internal rotation of CHF=C=CHF.
Black line for the cis-IRC; red line for the trans-IRC. (Color figure online)

Here G′
TS denotes the symmetric transformation set which include in TS, but not in

the IRC states other than TS. For TS, the membership functions in relation to the R̂
would be equal one, but less one for the state other than TS, which may often be the
same as that in relation to the transformations in G′

TS set.

3.1 Approximate symmetry characteristic for the cis-IRC path

From Gaussian [22], 22 valence shell MO’s of CHF=C=CHF are obtained at AM1
level. The calculated variation of MO-energy in connection with relative 22 MO’s
(14 OMO’s and 8 VMO’s) (vs.) cis-IRC path is shown in Fig. 13, where (A): for the
all 22 MO’s (B): for the near frontier MO’s. In this Figure, OMO1 and VMO1 denote
the HOMO and LUMO, respectively, and other suffixes denote the order starting from
the two frontier MO’s. It is shown that through the IRC the MO energy correlation
lines have C2 group symmetry. Corresponding to the case of cross lines, there are two
times through the whole process from reactant to product.

The irreducible representations of C2V group that the cis-TS belongs to are A1,A2,
B1 and B2, to one of which the MO’s must belong. Here A and B denote C2 sym-
metric and anti-symmetric rotation transformations, respectively, while subscripts 1
and 2 denote symmetric or anti-symmetric reflection transformations. Since there is
no well-defined symmetry for the IRC states other than TS, so in the correlation dia-
gram, there is no need to consider the irreducible representation. We may still analyze
their fuzzy symmetry. On the other hand, there is well-defined symmetry in relation to
the joint transformations of the reaction reversal R̂c and the above two mirror reflec-
tions (M̂XZ and M̂YZ) R̂CM̂XZ and R̂CM̂YZ, where R̂C denotes the reaction reversal
transformation according to the cis-IRC in the chiral transition process. Therefore, all
cis-IRC states belong to well-defined symmetry in relation to group G(RM)C defined
below,
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Fig. 13 The CHF=C=CHF MO energy variation diagram through the internal rotation cis-IRC path at
AM1 level. a For all MO’s, b near frontier MO’s

Table 1 Irreducible
representations and characters of
G(RcC2v) transformation group

Ê Ĉ2Z R̂cM̂XZ R̂cM̂YZ

rA1 1 1 1 1

rA2 1 1 −1 −1

rB1 1 −1 1 −1

rB2 1 −1 −1 1

G(RM)C ≡ G(RcC2v) =
{

Ê, Ĉ2, R̂CM̂XZ, R̂CM̂YZ

}
(14)

whose characters are shown in Table 1.
The symmetry of group G(RcC2v)will remain in the whole internal rotation cis-IRC

path of CHF=C=CHF. For TS, reaction reversal R̂C is equivalent to Ê, and so irreduc-
ible representations and characters in Table 1 will be reduced to those of C2v group
(and “r” will be omitted). Through the whole cis-IRC path, the membership functions
of the molecule skeleton and of all the MO’s in relation to four symmetric transforma-
tions should be one; all the MO’s are the common eigenstates of the transformations.
The eigenvalue (axis parity) of MO under Ĉ2 operation may be determined as in a
point group, and it is either 1 (symmetric) or -1 (anti-symmetric). Since for the cis-TS,
R̂C and Ê are equivalent, and so the eigenvalues in relation to joint transformation
R̂CM̂XZ and R̂CM̂YZ may be determined by means of those in relation to M̂XZ and
M̂YZ at relative TS.

However, the single transformations in the cis-IRC states other than cis-TS, R̂C, M̂XZ
and M̂YZ, are not well-defined. All of the calculated membership functions of MO’s
using Eqs. (3) and (4) are less than one. As shown in Fig. 14, straight line MFC indi-
cates that all MO membership functions related to transformations Ĉ2, R̂CM̂XZ and
R̂CM̂YZ equal one, but the curves show the variation of the related MO membership
functions in relation to the M̂XZ and M̂YZ (vs.) IRC. All of these curves appear sym-
metric about TS, and reach maxima at the same point. This variation stems from the
space factor, ϕ(GJ,G#J), which is less than one. If the symmetry condition in relation
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Fig. 14 The membership function of CHF=C=CHF MO’s (vs.) IRC through the internal rotation cis-IRC
path at AM1 level

to Ĝ = Ĉ2,YJ = [
a∗
ρ (J, i) aρ (J, i)

]
and YGJ = [

a∗
ρ (GJ, i) aρ (GJ, i)

]
,were set, that

is, the space factor were set to one, all the membership functions would be incorrectly
set to one. Similar error in the MO membership function will also be introduced by
the space factor, but not by the atom criterion. Although the atomic interval, especially
the BMO atomic interval, may change the atom criterion, and make the space factor
be ignored sometimes, the above effect could not be neglected.

Through the whole cis-IRC process, the G(RC2v) symmetry maintains, and so the
related process is symmetry allowed. In addition, C2 must also be conserved since C2
group is a subgroup of G(RC2v).

3.2 Approximate symmetry characteristics for the trans-IRC path

The AM1 energies of the 22 valance MO’s of CHF=C=CHF (vs.) trans-IRC are shown
in Fig. 15, and the membership functions are shown in Fig. 16. The curves in Fig. 16
are obtained using the irreducible representation of C2 point group which exists in the
whole process. As shown by the correlation diagram in Fig. 17, similar to Fig. 13, some
twice-cross curves through the internal rotation process trans-IRC path are shown. For
different choices of Cartesian coordinate system, the LCAO-MO formulae may differ,
but the MO energies will be the same. According to W-H rule [23–25], through the
internal rotation along the trans-IRC path, at TS, CHF=C=CHF will belong to C2h
point group, while other states will only belong to a subgroup C2 of C2h. C2 has two
irreducible representations, A (symmetric) and B (anti-symmetric) under C2 opera-
tion, with relative generalized parity (axis parity) of 1 and −1, respectively. However,
irreducible representations of C2 in C2h group become more complicated, that is,
symmetric Ag and Au, and the anti-symmetric Bg and Bu . Through the trans-IRC
process, the reagent and product molecules are a pair of optical enantiomers; and the
MO energy (vs.) IRC curves ought to be symmetric about the TS as shown in Fig. 15.
The TS should not be optically active. These results are similar to those of the cis-IRC,
though their point groups differ.
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Fig. 15 The CHF=C=CHF MO energy variation diagram through the internal rotation trans-IRC path at
AM1 level. a For all valance shell MO’s, b near frontier MO’s
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Fig. 16 The membership function of CHF=C=CHF MO’s (vs.) trans-IRC path through the internal rotation
at AM1 level

Although the trans-IRC states other than TS state are not well-defined under P̂ and
M̂XY, they are well-defined under reaction reversal transformations R̂P̂ and R̂M̂XY.
All trans-IRC states such as those of CHF=C=CHF belong to group G(RC2h) defined
below,

G(RC2h) ==
{

Ê, Ĉ2, R̂tP̂, R̂tM̂XY

}
(15)

The relative irreducible representations and characters are presented in Table 2. At
TS, R̂t will be the same as Ê, and this group will reduce to C2h and “r” before the
irreducible representations in Table 2 will be dropped.

Through the whole trans-IRC, for CHF=C=CHF molecular skeleton and all MO’s,
their membership functions in relation to all of the symmetric transformation in
G(RC2h) are equal to one, and so the MO’s are the common eigenstates of all the
four transformations. The eigenvalue (axis parity) of Ĉ2 which is 1 (S, symmetric)
or −1 (A, anti-symmetric), may be obtained as usual. The eigenvalues of the joint
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Fig. 17 Ĉ2-MO correlation diagram for CHF=C=CHF internal rotation process

Table 2 Irreducible
representations and characters
of G(RtC2h) transformation
group

Ê Ĉ2Z R̂tM̂XY R̂tP̂

rAg 1 1 1 1

rAu 1 1 −1 −1

rBg 1 −1 −1 1

rBu 1 −1 1 −1

transformations, R̂t P̂ and R̂t M̂XY may also be 1 (S) or −1 (A), determined by
the eigenvalues related to those of P̂ and M̂XY of the TS, respectively. As obtained
similarly for the cis-IRC states, the relative membership functions of the trans-IRC
states other than TS are less one, which may be affected by a different choosing of
Cartesian coordinate system. If we set the space reversal centre and coordinate sys-
tem origin at C(1), the midpoint of C(2)C(3), the membership functions in relation
to R̂t, P̂ and M̂XY transformation may be different. However, with well-defined sym-
metry, Ĉ2, R̂tM̂XY, R̂tP̂, and related MO’s and molecular skeleton, have membership
functions of one, not dependent on the way for choosing the space reversal centre and
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coordinate system origin. Here we only analyze the case in connection with the centre
and origin chosen at the midpoint of C(2)C(3).

Through the trans-IRC path, the membership functions in relation to the symmetric
transformations R̂t, M̂XY and P̂ are the same for the same MO as shown (vs.) IRC in
Fig. 16. Similar to the cis-IRC case shown in Fig. 14, the membership function reaches
the maximum at TS with the value of one, symmetric distributed about TS. Never-
theless, for the same IRC values shown in the two Figures, the relative symmetric
transformations and the molecular configurations are different.

Similar to the cis-IRC path, through the whole trans-IRC path the relative states
have G(RC2h) symmetry and conserve the related generalized parity (Table 2). For
the trans-IRC process, space factor ϕ(GJ,G#J) may also be responsible for the mem-
bership function values (less one). Meanwhile, due to symmetric condition, YJ =[
a∗
ρ (J, i) aρ (J, i)

]
and YGJ =]

a∗
ρ (GJ, i) aρ (GJ, i)

]
would be always equal. The

space factor makes the MO membership functions decrease directly, not due to the
overlap of symmetric and anti-symmetric MO’s.

3.3 MO correlation diagram for cis- and trans-IRC internal rotation paths

As mentioned above, through the cis- or trans-IRC path of CHF=C=CHF, the relative
symmetry selection rule depends on the well-defined C2 group. Meanwhile, for all
MO’s, the irreducible representations may be adapted to make the processes symme-
try allowed. Usually, W-H rule is used via the MO correlation diagram based on the
symmetry through the whole process. Therefore, we also examined the MO correla-
tion diagram as shown in Fig. 17 in relation to C2 group. This figure shows the MO
irreducible representation, where P and R denote a pair of the stable CHF=C=CHF
enantiomers, which may be the initial or final state of the related internal rotation
process, and cis-TS and trans-TS denote the TS in the process. Although the MO irre-
ducible representations are denoted by the point group (C2v or C2h) cis-TS or trans-TS
belongs to, we link the same first label (A or B) in the irreducible representations in
the figure. The bonding OMO’s and the anti-bonding VMO’s are separated with a
horizontal double line. It is notable that no correlation lines cross the double line, i.e.
the NB(non-bonding)MO level, and so all of them are symmetry allowed no matter
what the IRC path is.

However, MO correlation lines may cross through the cis- or trans-IRC process.
If the line crosses between P and TS, then it must also cross between R and TS, i.e.
crossing twice. If we ignore TS, the direct correlation lines will not cross, as shown
in the left-hand column of Fig. 17. If twice crossing took place between OMO and
VMO, it would be symmetry forbidden, which could not appear in the stable MO
direct correlation diagram.

4 Approximate symmetry characteristics of allene 1,3-fluor-chloride

We may use CHF=C=CHCl as a prototype model for allene-1,3-dihalides with dif-
ferent halogen atoms. This molecule also has two stable optical enantiomers, which
may transform to each other through the internal rotation about the C=C=C axis.
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For the stable molecular configuration at AM1 level, the CHF group planes at two
sides of the molecule are orthogonal roughly, and the CCC axis is linear approxi-
mately. The symmetry and approximate symmetry of the TS and various IRC states
for CHF=C=CHCl through the internal rotation process may be analyzed in the same
fashion as CHF=C=CHF. Since one fluorine atom is replaced by a chlorine atom, the
symmetry of CHF=C=CHCl drops compared with CHF=C=CHF.

For CHF=C=CHCl, the internal rotation chiral transition may also be realized
through the cis- or trans-IRC path in connection to the cis- or trans-TS, which is
a planar molecule. Different from CHF=C=CHF, the TS of CHF=C=CHCl has the
molecule plane as is only symmetric element, so it belongs to CS point group. On the
other hand, CHF=C=CHCl does not keep any nontrivial common point symmetry in
the internal rotation. The related membership function is less one due to both the space
factor and the intrinsic factor which should be the main control factors of symmetry
selection rules of the related chemical process. Here we analyze the symmetry and the
approximate symmetry in relation to C2 symmetric transformation.

For CHF=C=CHCl, through the internal rotation process the membership function
in relation to C2 transformation is usually less one. It must be pointed out that here the
less one membership function is mainly due to the intrinsic rather than space factor.
Since now C2-axis is an approximate symmetry element, so it may be chosen by differ-
ent ways. How do we analyze the symmetry element (e.g., C2-axis) and corresponding
Cartesian coordinate system? For CHF=C=CHF, we set the coordinate origin at the
midpoint of C(2)C(3), the line connecting C(1) and origin as Z -axis, i.e. the C2-axis,
and the line connecting C(2)C(3) and the line perpendicular to the CCC plane through
the origin as Y - and X -axis, respectively. In CHF=C=CHF, owing to CCC composing
an isosceles triangle, the height, angular bisector and the median are the same, but this
is not true for CHF=C=CHCl. Owing to the orthogonality of the Cartesian coordinate
axes, the origin will be chosen at the pedal point, which is necessary and convenient
for analyzing the LCAO(px, py and pz)-MO. As the standard orientation in Gaussian
program ignores the approximate symmetry, the orientation was transformed to the
above chosen coordinate system for adapting the p-AO’s direction.

For both CHF=C=CHF and CHF=C=CHCl, through the internal rotation the mole-
cule will experience the optical chiral transition, an isomerization between the enanti-
omers. In this process, the curve of energy (vs.) IRC would be symmetric about the TS
point. The TS of CHF=C=CHCl should belong to CS group, while the other states only
to C1, no non-trivial symmetry indeed. These two point groups include the following
symmetric transformations:

C1 : GIRC = {∧
E} (16a)

CS : GTS = GIRC ∪ G′
TS = {∧

E} ∪ { ∧
M} = {∧

E,
∧
M} (16b)

where G′
TS = {M̂} is the symmetric transformation set of the TS only, and M̂ is the

mirror reflection. Certainly, for the cis-IRC and trans-IRC, M̂ should be different.
Although both mirrors are the TS molecular plane, the cis-TS mirror includes the
fuzzy two-fold axis (C∼2

), whereas the trans-TS mirror would be orthogonal to C∼2
.
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Fig. 18 AM1 Dihedral angles (vs.) IRC for the internal rotation of CHF=C=CHCl through the cis-IRC (a)
and trans-IRC (b) paths; black and red lines correspond to the two kinds of dihedral angles. (Color figure
online)

For the IRC states other than TS, the space relationship between the fuzzy mirror
and C∼2

is maintained in TS. For CHF=C=CHCl, the IRC states other than TS do not

belong to any point group, but they may have the joint symmetry of R̂M̂, where R̂ and
M̂ are the reaction reversal and reflection, respectively. The corresponding symmetric
transformation group is:

G(RM) = {Ê, R̂M̂} (17)

Of course, for the cis-IRC and trans-IRC, their own R̂ and M̂are both different; they
may be denoted as follows:

G(RM)C = {Ê, R̂cM̂YZ} (17a)

G(RM)T = {Ê, R̂tM̂XY} (17b)

At AM1 level, through the cis-IRC and trans-IRC paths, the variation of molecu-
lar configuration will be similar for CHF=C=CHCl and CHF=C=CHF, and the bond
length and bond angle variation will be small. Through the internal rotation, the main
variation should be in dihedral angles, as shown in Fig. 18 for CHF=C=CHCl through
the two IRC paths.

Figure 19 shows the energy of CHF=C=CHCl versus cis- and trans-IRC. These
curves in the diagram are symmetric about the TS. The states with the opposite IRC
values can be regarded as a pair of optical enantiomers. Comparing with the bond
length, bond angle and dihedral angle in the internal rotation of CHF=C=CHF through
the cis-IRC and trans-IRC paths and that of CHF=C=CHCl, we find that the varia-
tion is similar in the dihedral angle. In the dihedral angle (vs.) IRC curve, there is the
inversion symmetry about TS. The maximum for the potential energy (vs.) IRC curves
locates at the TS, and from this point, the potential energy drops symmetrically along
two directions (reagent and product) as shown in Figs. 12 and 19. However, for the
isomerization process of these two molecules, the variations are much different. For
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Fig. 19 The energy (vs.) IRC diagram for CHF=C=CHCl through the cis-IRC (black) and trans-IRC (red)
internal rotation at AM1 level. (Color figure online)

CHF=C=CHF, its TS has well-defined symmetry of C2V or C2h point group, while the
states other than TS have well-defined symmetry of C2 point group. On the other hand,
for the CHF=C=CHCl process, all IRC states include the TS have no C2 symmetry,
so we may only analyse their approximate symmetry.

It is notable where the approximate symmetry in relation to C∼2
group is introduced

owing to the difference between Cl atom and F atom, the intrinsic factor rather than
the space factor. In general, the intrinsic factor will be more important in chemistry.

4.1 The membership functions in relation to R̂M̂

Through the whole internal rotation process, CHF=C=CHCl has only well-defined
R̂M̂ symmetry. Of course, the R̂ and M̂ of the trans-IRC path are different from those
of the cis-IRC path. The R̂ may be denoted as R̂t and R̂c in reaction to the trans-IRC
and cis-IRC paths, respectively. The M̂ denotes as the mirror reflection, corresponding
to the well-defined symmetry of the TS, and in the trans-IRC and cis-IRC process,
the mirrors are XY- and YZ-coordinate planes, respectively, and so the corresponding
M̂ are accordingly denoted as M̂XY and M̂YZ. The calculation in relation to R̂M̂ was
related to states with the opposite IRC-values. On the other hand, although the Gauss-
ian calculation may include some symmetry conditions related to the point groups,
but not those to R̂M̂.

In the internal rotation process, a single-point state may include 22 MO’s, and at
AM1 level, each MO (ψρ) is expressed as the LCAO of the 22AO’s (φi ) of the seven
atoms,

ψρ = 
i aiρφi (ρ, i = 1, 2, . . . , 22) (18)
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For the MO ψρ , the AO criterion may be denoted as [12–16],

Yi = aiρaiρ
∗/
 j a jρa jρ

∗ (19)

Using the normalized MO LCAO coefficient, the denominator 
 j a jρa jρ
∗ equals

one. For MO ψρ , the membership function of transformation Ĝ is,

μ
(

Ĝ;ψρ
)

= 
i Yi ∧ YGi (20)

It is notable that for Eq. (20), space factor ϕ(GJ,G#J) would approach one, i.e. for any
J-atom in relation to Ĝ,G#J-atom and GJ-atom must be close or coincide. When Ĝ is
R̂ or RM̂, this equation may be wrong if the space factor does not approach one. How-
ever if Ĝ is R̂M̂, Eq. (20) will be true. Using this equation, for MO of CHF=C=CHCl,
the membership functions related to R̂M̂ may be obtained without symmetric restric-
tion in the whole rotation process. Figure 20 shows the results of the cis-IRC path at
AM1 level. The R̂M̂ membership functions are close to one as most of them between
0.99 to 1. We may consider that these MO’s have well-defined symmetry of this joint
transformation, and the slight deviation from 1 may be a result of the approximation
of our calculation. For the trans-IRC path, we may analyze similarly. The results are
even better than those of the cis-IRC path.

It is noteworthy that through the internal rotation, the MO’s of CHF=C=CHF have
well-defined symmetry of G(RcC2v) or G(RtC2h) group, but the MO’s of CHF=C=
CHCl have only well-defined symmetry related to the subgroup of these groups:

G(RM)C = {Ê, R̂cM̂YZ} ⊂ G(RcC2v) (21a)

G(RM)T = {Ê, R̂tM̂XY} ⊂ G(RtC2h) (21b)
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Since there is no well-defined C2 symmetry in the internal rotation of CHF=C=
CHCl, the irreducible representation analysis of the MO’s is more difficult.

4.2 MO fuzzy correlation diagram in relation to Ĉ2 transformations

In the whole internal rotation of CHF=C=CHF, C2 symmetry remains, so the mem-
bership functions of all MO’s should equal one and the irreducible representation is
the pure, i.e. either symmetric (g) or anti-symmetric (u). However, in the process of
CHF=C=CHCl, there is only approximate symmetry related to C2. The approximate
symmetry stems from the intrinsic factor related to the difference between fluorine
and chlorine atoms while the space factor is less important. Therefore, for the MO’s,
we may analyze the irreducible representation component related to C2. For MO in
Eq. (18), the coefficient, aiρ may be decomposed into to g and u parts,

aiρ = aiρ(g)+ aiρ(u) (22)

The symmetric (Xg) and anti-symmetric (Xu) components for the MO’s can be defined
as follows,

Xg = 
a2
iρ (g) (22a)

Xu = 1 − Xg = 
 a2
iρ (u) (22b)

The components of MO’s of the TS, reagent and product (R & P) may be calculated at
the AM1 level. Figure 21 shows the related fuzzy MO correlation diagram in relation
to Xg. As Xg is more than 0.5, the related MO will be mainly symmetric, and as Xg is
less than 0.5 the related MO will be mainly anti-symmetric, belonging to B irreducible
representation of C2 group.

As shown in Fig. 21, from Xg values, we may note the main-representation [14,15]
with MO symbols. When Xg near 0.5, the MO symmetry in relation to Ĉ2 is not clear,
and the related membership function will be very small. The related symmetry restric-
tion may be ignored. Xg values of every MO’s for P and R appear to be approximately
the same as expected for a pair of enantiomers. In the figure, the black lines denote the
common cases with the same main-representation, while the red lines denote minor
MO correlation lines with different main-representations. In a red line at least one MO
has an Xg value close to 0.5, i.e. in 0.4 to 0.6.

The correlation lines link two MO’s with the same main irreducible represen-
tation according to the energy order. The MO may just belong to one irreducible
representation; it may also belong to a combination of two. In the combination,
the major component is called the main-representation [15]. In the fuzzy correla-
tion diagram, the main-representation symbol is used to replace the pure represen-
tation arranged in the MO energy order. According to this classification, there are
10 A and 12 B in the 22 MO’s of P or R considered. However, the main-represen-
tations (A and B) numbers for the 22 MO’s of the TS may be different from that
of the stable molecules P and R. For a certain MO, when Xg ≈ 0.5 and Xu ≈ 0.5
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Fig. 21 The orbital fuzzy correlation diagram of CHF=C=CHCl in relation to Ĉ2 in the internal rotation
process at AM1 level

occur, the related membership function should be small, and the corresponding main-
representation will be hard to assign. For example, the membership functions of
OMO14 of P, R and TS related to Ĉ2 are only about 0.001 to 0.002, and that of
OMO13 is only about 0.02. Therefore, for MO with Xg ≈ 0.5 (0.4–0.6), the next
main-representation may be used and to determine the fuzzy correlation line [10,
11].

As shown in Fig. 21, certain MO fuzzy correlation lines of the transition between
TS and P (or R) cross, but they do not cross between OMO and VMO. Therefore, all
related processes are the approximate symmetry allowed. If OMO and VMO cross,
e.g., HOMO and LUMO, the relevant process would be forbidden. In addition, through
the trans-IRC and cis-IRC, the relationships of the TS and P and those of TS to R
are symmetric, i.e. as there are correlation lines cross between P and TS, then there
must be another lines cross between the TS and R. There is, however, no direct cross
between P and R correlation lines, as shown in the first column on Fig. 21. If such cross
appear between lines of OMO and VMO, e.g., HOMO and LUMO, the process would
be symmetry forbidden, which cannot be determined directly in the MO correlation
diagram between P and R without TS.
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Different from CHF=C=CHF, CHF=C=CHCl in the internal rotation has no well-
defined symmetry C2, it only has approximate symmetry. The fuzzy representation
for a MO is defined as follows,

XgA + XuB = XgA + (1 − Xg)B (23)

which is not a pure representation, and whose membership function is less one, even
for MO’s of the TS due to the intrinsic factor introduced by replacing a F atom by a
Cl atom. As shown in Fig. 21 , component Xg (or Xu) related to Ĉ2 of P and R MO’s
seems to be symmetric about the TS.

To start with, we consider the trans- and cis-IRC process. The component Xg (or
Xu) of some OMO’s far from the HOMO, e.g., OMO13 and OMO14 (Fig. 21), related
to Ĉ2 is close to 0.5, and their membership functions are small. As the two MO’s are
LCAO’s of C=CHCl and C=CHF fragments, whereas in CHF=C=CHF, OMO13 and
OMO14 are those of two C=CHF fragments, and are degenerate with pure represen-
tations (S, Xg = 1 or A, Xg = 0), see Fig. 17.

Now we examine the variation of allene-1,3 fluor-chloride with the cis-IRC path.
By means of the Gaussian program, the internal coordinate configurations of the IRC
path are the results without the any symmetry restriction condition. Though the devi-
ation of MO’s in relation to the R̂M̂ union transformations perfect symmetry much
less, as shown in Fig. 20, however using the Gaussian program we can not get the
reaction path according to the symmetry restriction condition in relation to the R̂M̂
union transformations, directly. Utilizing the Gaussian program, we can get the internal
coordinate configurations about various IRC values without any symmetry restriction
condition. For a pair of the skeleton internal coordinate configurations with the cer-
tain opposite cis-IRC values, we can get them only without any symmetry restriction
condition, from Gaussian program, respectively. However, owing to these two con-
figurations are enantiomorphous, we can get the internal coordinate configurations
with the symmetry restriction condition in relation to the R̂M̂ union transformations
by means of the furthermore calculation. For the various skeleton internal coordinate
configurations, it will be single-point calculated, point-by-point, and to get the rel-
ative approximate symmetric parameters, the membership functions and symmetric
representation components Xg of various MO’s. The Fig. 22 shows that through the
cis-IRC internal-rotation process, the membership functions and the symmetric repre-
sentation components Xg in relation to fuzzy two-fold rotation transformation of the
CHF=C=CHCl MO’s (vs.) the IRC diagram. It seems that for more MO’s in relation
to the Ĉ2transformations the variation of membership functions and Xg values (vs.)
IRC relative curves are symmetric about TS. It ought to be noted that as the calculation
without the symmetry restriction condition in relation to the R̂M̂union transformation,
the relative symmetry about TS will be screened. The similar results of trans-IRC cases
are omitted, for save the space.

Owing to such approximate symmetry will be produced from the intrinsic fac-
tor, the MO membership function ought to be connected with the MO irreducible
representation components, and that is much difference for various MO’s. Compar-
ing with the space factor, the space factor effect for various MO’s ought to be the
similar.
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Fig. 22 Through the cis-IRC internal-rotation process, the membership functions (a, b) and the sym-
metric representation components Xg (c, d) in relation to fuzzy two-fold rotation transformation of the
CHF=C=CHCl MO’s (vs.) the IRC digraim. a The membership functions of some OMO’s. b The mem-
bership functions of some VMO’s. c The symmetric representation components of some OMO’s. d The
symmetric representation components of some VMO’s

5 Approximate symmetry characteristics of other allene-1,3-dihalides

After examining CHF=C=CHF and CHF=C=CHCl, the two prototypical CHX=C=
CHY with the same and different halogen, we come to analyze the approximate
symmetry characteristics of other CHX=C=CHY through the internal rotation chi-
ral transformation process briefly. Here we only analyze (fuzzy) correlation diagrams,
membership functions and MO representation components related to Ĉ2 of the TS and
stable state molecule of allene-1,3-dihalides.

5.1 The membership functions and representation components about Ĉ2

For the 22 MO’s in the valance shell of CHX=C=CHY are calculated at AM1 level.
Figures 23 and 24 show the symmetric representation components (Xg) and member-
ship functions of frontier and near frontier MO’s, respectively. In these figures, each
column separated by vertical dot-lines represent four CHX=C=CHY molecules with
one common halogen atom, and X denotes, from left to right, F, Cl, Br and I in such
order turn.

123



J Math Chem (2010) 48:187–223 217

0.0

0.2

0.4

0.6

0.8

1.0
X

g

1,3F,X- 1,3-Cl,X- 1,3-Br,X-   1,3-I,X-

allene (P & R)

 OMO2
 HOMO
 LUMO
 VMO2

(a)

0.0

0.2

0.4

0.6

0.8

1.0

Xg

1,3F,X- 1,3-Cl,X- 1,3-Br,X- 1,3-I,X-

allene (cis-TS)

 OMO2
 HOMO
 LUMO
 VMO2

(b)

0.0

0.2

0.4

0.6

0.8

1.0

X
g

1,3F,X- 1,3-Cl,X- 1,3-Br,X- 1,3-I,X-

allene (trans-TS)

 OMO2
 HOMO
 LUMO
 VMO2

(c)

Fig. 23 The symmetric representation components (Xg) of allene-1,3-dihalides MO’s related to Ĉ2 for
a stable molecules (P and R), b cis-TS, c trans-TS and X stands for F, Cl, Br, and I in that order in each
column

When the two halogen atoms are the same, all of the related TS and stable molecules
should have well-defined symmetry of C2. For these species, Xg of the MO’s should
be either 0 or 1, and the membership functions must be 1. Figures 23 and 24 show
the prototypical results. When the two halogen atoms are different, both MO Xg and
membership function are between 0 and 1 as shown in the two figures. As mentioned
above, this is also true for other MO’s. As X and Y are different, six CHX=C=CHY
molecules exist. Related MO’s in the stable molecules, and (cis- and trans-) TS of the
six CHX=C=CHY molecules along with the relationship of membership function ver-
sus representation component are shown in Fig. 25, where BV denotes the boundary
value as the curve shown in Fig. 11. As shown in Fig. 25, all the points locate above
the boundary values. Although the points appear to group near the boundary value
curve, they also scatter.

5.2 MO fuzzy correlation diagram related to Ĉ2

Figure 26 shows the MO correlation diagram of allene-1,3-dihalides (CHX=C=CHX,
X=F, Cl, Br, I) according symmetryĈ2, which remains through the whole rotation
process, for two stable molecules P and R, and two TS (cis- and trans-TS). As shown
in the Figure, the MO irreducible representation symbols of (P and R), cis-TS, and
trans-TS correspond to those of point group C2,C2v and C2h, respectively. All these
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Fig. 24 Membership functions of allene-1,3-dihalides MO related to Ĉ2 for a stable molecule (P and R),
b cis-TS, c trans-TS, and X stands for F, Cl, Br, and I in that order in each column
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Fig. 25 Relationship of MO membership function (vs.) representation component related to Ĉ2 for the
internal rotation of allene-1,3-dihalides
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Fig. 26 MO correlation diagram for allene-1,3-dihalides with the same halogen (F, Cl, Br and I) through
the internal rotation process related to Ĉ2

representations are pure. Since all the molecular systems always maintain the well-
defined C2 symmetry, we only need to consider the first label in the irreducible rep-
resentation symbols, that is, A or B when we correlate the MO in the figure. The
correlation lines only cross between OMO’s or between VMO’s, whose processes
would be symmetry allowed, but not between OMO and VMO. Of course, as the cross
occurs, it does twice, first between P and TS, and then between TS and R, as mentioned
for CHF=C=CHF shown in Fig. 17.

For CHX=C=CHY with different X and Y, no well-defined symmetry related to Ĉ2
exists, so only approximate symmetry presents. The relative fuzzy symmetric point
group and the fuzzy representation have been shown in Eqs. (7) and (8), respectively.
For MO’s, they are expressed by membership function (µ) and representation com-
ponent (Xg or Xu). The MO representation in the fuzzy correlation diagram will be
replaced by the main-representation of the MO. Figures 27 and 28 present the fuzzy
correlation diagrams of stable (P and R) (vs.) TS of six CHX=C=CHY species (X�=Y,
X,Y=F, Cl, Br, I) through the internal rotation process.
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Fig. 27 MO fuzzy correlation diagram for allene-1,3-dihalides with different halogen atoms (F and Br or
Cl or I) through the internal rotation process in relation to Ĉ2

In these Figures, the number value before the MO main-representation (A or B)
denotes its symmetric representation component Xg. When Xg is larger than 0.5, the
main-representation is A; otherwise the main-representation is B. The most correlation
lines denote the MO’s with the same main-representation are, while a few correlation
lines denote the minority MO’s with different main-representations. On these few
correlation lines, at least one correlated MO has an Xg close to 0.5 (e.g., 0.4 to 0.6).
Since the MO correlation lines of stable molecules P and R are symmetric about the
TS, they are analyzed jointly. The correlation lines do not cross the NBMO level, nor
do they cross between OMO and VMO, and so these processes should be symmetry
allowed. The correlation degree of two MO’s linked by the fuzzy correlation line, and
the forbidden process involved in the fuzzy correlation diagram will be examined in
our further work.
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Fig. 28 MO fuzzy correlation diagram for allene-1,3-dihalides with different halogen atoms (other than
F) through the internal rotation process in relation to Ĉ2

6 Conclusions

In this paper, we examined the approximate symmetry characteristics for the chiral
transition of allene-1,3-dihalides through the internal rotation at AM1 level. The cis-
IRC and trans-IRC paths were considered. In the two IRC dynamic ways, the related
approximate symmetry characteristics are different. For allene-1,3-dihalides with the
same or different halogen atoms, related approximate symmetry characteristics are
also different. The main conclusions include:

1. Through the cis-IRC or trans-IRC internal rotation path of allene-1,3-dihalides
with the same halogens, both TS are planar. The related cis-TS and trans-TS have
well-defined symmetry of C2v and C2h group, respectively. However, other cis-
IRC and trans-IRC states have only well-defined symmetry of C2 group, and they
have only approximate symmetry related to C2v and C2h.

2. The cis-TS and trans-TS of allene-1,3-dihalides with different halogen atoms well-
defined symmetry of Cs point group. Other cis-IRC and trans-IRC states have no
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well-defined symmetry in relation to any non-trivial common point group, and
they have only approximate symmetry in relation to C2 group. In the whole cis-
IRC or trans-IRC process, among the molecular internal-coordinate parameters,
only dihedral angles changes significantly.

3. For the approximate symmetry system, the space factor and the intrinsic factor
make the membership function to decrease. For the MO’s of a certain molecule, the
space factor is similar, but the intrinsic factor will be very different. In chemistry,
the intrinsic factor is more important.

4. For allene-1,3-dihalides with the same halogen atom, the membership functions
decrease due to the space factor. This effect is similar for different MO’s, and the
decline of the MO symmetry cannot be ascribed to the overlap of different MO
representation components.

5. The membership functions of allene-1,3-dihalides with different halogen atoms
drop due to the intrinsic factor. This effect should be different for different MO’s,
and the drop of the MO symmetry may be ascribed to the overlap of different MO
representation components.

6. For allene-1,3-dihalides, through a certain IRC internal rotation path, the states in
the whole IRC process always have the well-defined symmetry of GIRC group.

7. For allene-1,3-dihalides with the same halogen atom, all cis-IRC and trans-IRC
states have well-defined C2 symmetry, according to which related MO correla-
tion diagram was obtained. Occupied OMO’s correlation lines and those of empty
VMO’s do not cross, and so the two IRC paths are symmetry allowed. If crossing
appears, it must appear twice: one between TS and the reagent, and the other
between TS and the product. For such cases, the related MO correlation diagram
should also be examined those of TS, the reagent and product.

8. For allene-1,3-dihalides with different halogen atoms, through the cis-IRC and
trans-IRC whole processes, we also obtained the MO fuzzy correlation diagram
related to C2.

9. The membership function and representation components are the two most impor-
tant quantities in MO approximate symmetry analysis based on subset theory.
Comparing to the study of MO’s with well-defined symmetry, they are more
closely related to symmetry group and to the irreducible representations, respec-
tively. All MO membership function points locate above the boundary values in
their plot versus irreducible representation components.
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